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Abstract 

Employing higher order perturbation theory, we obtain charged rotating black holes in odd di- 
mensions, where the Einstein-Maxwell Lagrangian may be supplemented with a Chern-Simons 
term. Starting from the Myers-Perry solutions, we use the electric charge as the perturbative pa- 
rameter, and focus on extremal black holes with equal-magnitude angular momenta. For Einstein- 
Maxwell-Chern-Simons theory with arbitrary Chern-Simons coupling constant, we perform the 
perturbations up to third order for any odd dimension. We discuss the physical properties of these 
black holes and study their dependence on the charge. In particular, we show that the gyromag- 
netic ratio g of Einstein-Maxwell black holes differs from the lowest order perturbative value D — 2, 
and that the first correction term to g/{D — 2) is universal. 

PACS numbers: 04.20.Ha, 04.20.Jb, 04.40.Nr, 04.50.-h, 04.70.Bw. 
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I. INTRODUCTION 



String Theory, a major candidate for the quantum theory of gravity and the unification 
of all interactions, predicts that spacetime has more than four dimensions, since it needs 
higher dimensions for its mathematical consistency. String Theory has had considerable 
success in explaining the microscopic degrees of freedom of black holes. In fact, the first 
successful statistical counting of black hole entropy in string theory was performed for a 
five-dimensional black hole 

Besides, higher- dimensional black hole spacetimes have become of high interest because 
of various developments in gravity and high energy physics. In brane world models, i.e., sce- 
narios with large extra dimensions, for instance, one of the main predictions is the intriguing 
possibility to produce higher-dimensional mini black holes in particle colliders. Such black 
holes may then provide a window into higher dimensions as well as into non-perturbative 
gravitational physics which might already appear at the TeV scale. Naturally, one there- 
fore would like to study and understand the properties of such black holes corresponding to 
higher-dimensional generalizations of the Kerr-Newman geometry. 

While the non-rotating black hole solution in higher- dimensional Einstein-Maxwell theory 
was found several decades ago {2I, the counterpart of the Kerr-Newman solution in higher 
dimensions, that is, the charged generalization of the Myers-Perry solution ^ in higher 
dimensional Einstein-Maxwell theory, still remains to be found analytically. However, in the 
framework of supergravity theories and string theory charged rotating black holes in higher 
dimensions have been obtained in closed form j4-6|. In particular, the general rotating black 
hole solution has been obtained in the bosonic sector of minimal D = 5 supergravity, where 
the Einstein-Maxwell action is supplemented with a Chern-Simons term |7H10|. 

Lacking rotating Einstein-Maxwell black hole solutions in closed form, basically two ap- 
proaches have been followed to investigate their properties. The first approach is a pertur- 
)ative one. Lowest order perturbation theory with the charge as perturbative parameter 
111 or the angular momentum as perturbative parameter jisl, [l^ has suggested, that the 
gyromagnetic ratio g of Einstein-Maxwell black holes is simply given hj g = D — 2, thus 
generalizing the Kerr-Newman value g = 2. The second approach is based on numerical and 



thus non-perturbative calculations of the black hole solutions 
seen to deviate slightly from the perturbative value. 



2^ 



15| . Here the (7-factor was 
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Recently, the perturbative approach has been extended to higher order. With the charge 
as the perturbative parameter, the properties of rotating black holes in five dimensional 
Einstein-Maxwell theory have been obtained for the case of equal-magnitude angular mo- 



menta 



161 ] ■ There, in 3rd order perturbation theory, the (^-factor was shown to indeed 



deviate from the lowest order result g = 3. 

Here we generalize these results to extremal rotating black holes in Einstein-Maxwell- 
Chern-Simons theory in 5 dimensions, allowing for an arbitrary value of the Chern-Simons 
coupling constant A. For the supergravity value of A we recover the analytical solution up 
to this order, thus showing the validity of the perturbative scheme, while for vanishing A we 
recover the previous Einstein-Maxwell results [l6|. 

Then we generalize this perturbative approach to Einstein-Maxwell-Chern-Simons black 
holes in higher odd dimensions. Employing the charge as the perturbative parameter we ob- 
tain the global and horizon properties of extremal rotating black holes with equal-magnitude 
angular momenta in 3rd order perturbation theory. For the limiting case of pure Einstein- 
Maxwell theory (where A = 0), we show that the (^-factor generically deviates from its 
lowest order perturbative value oi g = D — 2. Interestingly, here the first correction term to 
g/{D — 2) is universal, i.e., independent of the dimension. 

In section II we present the metric and the gauge potential for black holes in odd di- 
mensions with equal-magnitude angular momenta. We introduce the perturbation series 
and present the global and horizon properties of extremal black holes. In section III we 
give the perturbative solution for black holes of Einstein-Maxwell-Chern-Simons theory in 5 
dimensions. We then compare with the black hole solution of minimal D = 5 supergravity, 
known analytically, and that of Einstein-Maxwell theory. In section IV we present the 7- 
dimensional results and the generalization to arbitrary odd dimensions. We demonstrate the 
effect of the presence of charge on the mass, the angular momentum, the magnetic moment 
and the gyromagnetic ratio of these extremal rotating black holes. We also evaluate their 
horizon properties. We conclude in section V. The formulae for the metric and the gauge 
potential in D dimensions are given in the Appendix. 
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II. BLACK HOLE PROPERTIES 



A. Einstein-Maxwell and Einstein-Maxwell-Chern-Simons theory 

In odd- dimensional spacetimes, the Einstein-Maxwell Lagrangian can be supplemented 
with a Chern-Simons term [l^, leading to 

1 / 8 ~ \ 



with curvature scalar i?, D-dimensional Newton constant Go-, and field strength tensor 
F^v = d^A^ — d^A^, where A^ denotes the gauge potential. A corresponds to the Chern- 
Simons coupling constant. For vanishing A pure Einstein-Maxwell theory is recovered. 

The equations of motion are obtained by varying the action with respect to the metric 
g^u, and the gauge potential A^. This leads to the Einstein equations 

G ^xi, = Rfxu '^Qfj.u^ ~ , (2) 



with stress-energy tensor 



T^xi/ F^pFy^ ^g^yFpfjF^ , (3) 



and the gauge field equations 

\ U-L — /\t 1 ■ ■ ■ ^ /J-D-llJ-D ■ 

B. Black holes in odd dimensions 

Stationary black holes in D dimensions possess = [{D — l)/2] independent angular 
momenta Ji associated with orthogonal planes of rotation jsl. {[{D — l)/2] denotes the 
integer part of {D — l)/2, corresponding to the rank of the rotation group SO{D — 1).) The 
general black holes solutions then fall into two classes, in even-D and odd-D-solutions j^. 
Here we focus on perturbative charged rotating black holes in odd dimensions. 

When all angular momenta have equal-magnitude, the symmetry of the solutions is 
strongly enhanced, and the angular dependence factorizes in odd dimensions |l5j] . To obtain 
such perturbative charged generalizations of the D-dimensional Myers- Perry solutions jsl, 
we employ the following parametrization for the metric jisl . Iisl 
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2 , .2 



ds^ = gttdV + — + r 



W 



'N-l /i-l 



N /k-l 



+v 



N /fc-1 



w cos^ + 5z n ) ^^^^ ^'^^^ 

j=l \j=0 J k=l \l=0 

N /fc-1 



fc=l \i=0 



- 25 ^ m cos^ 0; sin^ OkEkdipkdt , (5) 

fc=l \Z=o / 

where = 0, 0^ e [0, 7r/2] for i = 1, N - 1, On = 7r/2, G [0, 27r] for A; = 1, A^, and 
Ek = ±1 denotes the sense of rotation in the A;-th orthogonal plane of rotation. An adequate 
parametrization for the gauge potential is given by 

N /k-l \ 

A^,dx^ = ao + ^ I J]^ cos^ 6i | sin^ OkSkdipk , (6) 

fc=l \i=0 / 

where the metric functions gu, W, V, B and the functions for the gauge potential ao,a<^ 
depend only on the radial coordinate r. 



C. Perturbation theory 

Before giving the perturbation series let us briefly consider charge reversal symmetry. In 
Einstein-Maxwell-Chern-Simons theory in odd D = 2N + 1 dimensions, the Chern-Simons 
term contains the gauge potential together with factors of the field strength tensor. Thus 
a sign change of the gauge potential leads to a sign change of the Chern-Simons term only 



when A^ is even and not when A^ is odd, thus yielding the symmetry 



18| 



even Ar(D = 5, 9, 13, . . .) : (Q, A) ^ (-Q, -A) , (7) 

odd Ar(D = 7, 11, 15, . . .) : (Q,A) ^ (-Q,+A) . (8) 

Thus when A^ is odd, Einstein-Maxwell-Chern-Simons theory possesses charge reversal sym- 
metry just like Einstein-Maxwell theory, whereas when A^ is even, only the discrete symmetry 
Eq. © holds. 

We now consider perturbations about the Myers-Perry solutions, with the electric charge 
as the perturbative parameter. In the presence of a Chern-Simons term we obtain the 
perturbation series in the general form 

9u = -l + ^,+ q'gi? + q'gl? + 0{q') , (9) 
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9 A/f P 

1^ = 1 - 4^ + + g2|y{2) + 3p^(3) ^ 0( 4) (^q) 

V^ = -^ + gV^) + gV^)+0(g^), (11) 

ao = qai^ + + q^'ai^ + O(g^) , (13) 

a, = qa^^^ + q'af+q\f + 0{q'), (14) 

where g is the perturbative parameter associated with the electric charge (see Eq. (15^ be- 
low). Since the Chern-Simons term does not modify the expression for the energy-momentum 
tensor, the expansion of the metric contains only quadratic and higher order terms in the 
perturbative parameter. 

Taking into account the symmetry with respect to charge reversal for odd Einstein- 
Maxwell-Chern-Simons theory as well as pure Einstein-Maxwell theory, the perturbations 
reduce in these cases to only even terms for the metric and only odd terms for the gauge 
potential. The presence of this symmetry therefore implies a considerable simplification for 
higher order perturbation theory. 

In even N Einstein-Maxwell-Chern-Simons theory the symmetry Eq. ([7]) has also impli- 
cations for the perturbative expansion. It follows, for instance, that in the perturbative 
expansion of the gauge potential even powers in the perturbative parameter q must be 
multiplied by odd powers of the Chern-Simons coupling A. 

Inserting the metric Eq. ([5]) and the gauge potential Eq. ([6]) with the perturbation ex- 
pansion Eqs. dMH]) into the field equations Eqs. (EH), we then solve these equations order 
by order. 

D. Physical Quantities 

The mass M, the angular momenta J, the electric charge Q, and the magnetic moments 
(J^mag cau bc read off the asymptotic behavior of the metric, and the gauge potential [isl, Q 

9tt = -l + ^^+ - , B = ^ + ..., ao = ^ + ... , a^ = ^ + ... , (15) 



where 



IQttGd 

M = M , 

(D-2)A(^^-2) ' 

Q= '-I^ Q 

and y4(S'^~^) is the area of the unit {D — 2)-sphere. The gyromagnetic ratio g is given by 

9 = . (17) 

The horizon angular velocities fl can be defined by imposing the Killing vector field 

N 

x = C + nY,^kVk , (18) 

k=l 

to be null on and orthogonal to the horizon. The horizon electrostatic potential $h of these 
black holes is given by 

^H= iao + na^)l^^^ , (19) 
and the surface gravity Hsg is defined by 



(20) 



r=rH 



The black holes further satisfy the Smarr-like mass formula 



^ D-2n^ D-2 

D-SStvGd D-3 D-3 ' ^ ^ 



where / denotes the integral 

1 



and J''"" is defined by 



dS^x'F^.r'' , (22) 



Clearly, the Smarr-like relation Eq. ( 1211) is special in 5 dimensions, since the last term 
vanishes there, independent of the value of the Chern-Simons coupling constant. Thus in 
this case the mass relation Eq. (pTj) reduces to the Smarr relation of Einstein-Maxwell theory. 



III. CHARGED BLACK HOLES IN 5 DIMENSIONS 



Black holes in minimal D = 5 supergravity are known exactly [7H10|. Here the Chern- 
Simons coupling constant A assumes the value Xsg = -^^^ For convenience, we therefore 
here redefine the Chern-Simons coupling constant as 

A = 2V3\ . (24) 

Thus Xsg = 1- Moreover, we will set G/j = 1 in the following. 



13, 



igj. For 



The rotating black holes of D = 5 supergravity have intriguing properties 
general A > Xsg, these black hole solutions were studied numerically |l9|. Here further sur- 
prising properties manifest themselves, such as, for instance, non-uniqueness. Interestingly, 
the numerical studies also showed, that supersymmetry represents the borderline between 



stability and instability 19 |. 



Recently, perturbative solutions of Einstein-Maxwell-Chern-Simons black holes were ob- 
tained for arbitrary Chern-Simons coupling constant A, by calculating the solutions to lowest 
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order in the two independent angular momenta 

Here we first present the perturbative solutions, obtained in 3rd order in the charge, for 
extremal black holes with equal-magnitude angular momenta in Einstein-Maxwell-Chern- 
Simons theory for arbitrary Chern-Simons coupling constant A. Then we consider the special 
case of minimal D = 5 supergravity, in order to compare with the exact solution. Last we 
recover the results of [igI] obtained in pure Einstein-Maxwell theory. 



A. Einstein-Maxwell-Chern-Simons black holes 

Beside the discrete symmetry with respect to charge reversal Eq. ([7]) we have also a 
discrete symmetry with respect to the sense of rotation of the equal-magnitude angular 
momenta Jk = SkJ ■ In 5 dimensions we have two angular momenta Ji and J2 and the 
associated discrete symmetry is 

(£l£2,A) ^ (-£i£2,-A). (25) 

Consequently, a solution with Ji = —J2 is equivalent to the solution with Ji = J2 and 
with the same electric charge but with the opposite value of A. It is therefore sufficient, to 
consider perturbation theory only for the case Ji = J2 = J- 
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We now perform perturbation theory in the charge to 3rd order, while we retain the 
Chern-Simons couphng constant A as an arbitrary constant. We impose the extremahty 
condition on the black holes and fix the angular momentum J for all orders. We further 

impose a regularity condition at horizon. This choice then fixes all integration constants 
which appear in the scheme. 

Introducing the parameter v for the extremal Myers-Perry solutions by 

M = 2i/^ J = 2^/^ (26) 

we obtain for the metric the perturbation expansion up to 3rd order in the perturbative 
parameter q and for the gauge functions up to 4th order 



9tt 
W = 1 



4j/2 ^2 _ ^j^2 

-1 + — + ^ n . + 



3z/2r4 



27z/V4 



V = — -q + ^^t^th '-q^ + 0{q^) , 



3r4 



27i/V4 



B 



at 



4z/3 4z/ 2 2Ay3 3 ^, 4, 

1 (1 - A2) 
1^5 + 



2i/2(r^ - + r^fr^ - 22/^) In ( 1 



— oQ + 



XVS 2 (1 - A2 



g - 



2z^ 



aVs 
"3^ 



t/'(2r^ + t/V' - 4t/*) + r'(r^ - 4t/^) In 1 - 



2z/2 



W3_ 

54z/V4 

+0{q') . 



.^^2 ^ 21.2(1 _ A2)(4r2 - 3i/2) + 4(1 - Xy^r'' - 2u^) \n(l-% 



(27) 



We note, that the gauge function at contains no quadratic term in the perturbative param- 
eter. 

From these expansions the physical properties of the black hole solutions can be extracted. 
To third order the global physical quantities are given by 



M 



n 



A^S 



2"" + 8^^ + 72.^ 



nq' + 0{q') , 



J = TTi/^ (for any order) , Q = nq , 



A«mag = TTi/? - 



XVS 2 (1 - A') 3 A^v^ 4 ^ , 5, 



6iy ■■■^ 18^/3 "-^ 216Z/5 
yielding the gyromagnetic ratio g for general Chern-Simons coupling constant A 



XVS ^ (l + 2A^) 2 

^ = 3 - —^q + — rr-^g 



2i/2 



12i/4 



72i/6 



(28) 



(29) 




FIG. 1: The gyromagnetic ratio g versus the charge to mass ratio Q/M for D = 5 Einstein- 
Maxwell-Chern-Simons black holes for Chern-Simons coupling constant A = 1/2. Exact numerical 
values are shown by the solid line, 1st order perturbative values [2Q] by the dashed line, and the 
present 3rd order perturbative values by the dotted line. 



As an example, we exhibit the 3rd order perturbative result for the (^-factor versus the 
charge to mass ratio Q/M for the extremal Einstein-Maxwell-Chern-Simons black holes 
with Chern-Simons coupling constant A = 1/2 in Fig. [H For comparison, we also exhibit 
the corresponding numerical results 19|] and the lowest order results of Aliev and Ciftci |20|, 
where perturbation theory is performed in the angular momenta. 

The allowed range of the charge to mass ratio Q/M is bounded by the extremal Tangher- 
lini values, -2/^3 < Q/M < 2/^3, as long as A < 1 [19]. The fi gure shows, that the 
3rd order perturbative results for the gf-factor are in excellent agreement with the numerical 
results for a large range of values. Only toward the lower end of the interval significant 
deviations arise. The first order results of 201] exhibit larger deviations over most of the 
interval, with the exception of the central region and the endpoints, where the agreement 
with the numerical results is perfect. 

The event horizon is located at r = r^, where 



V2u + 



24z/3 



\V2 
36z/5 



(30) 



The horizon properties are given by 

1 1 o 



n 



2u 2Av^ 
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and the surface gravity /tgg vanishes for these extremal solutions. 

The expressions for at and in Eq. ( 127|) (and also for the higher order terms of the 
metric functions not shown here) reveal that the expansions contain, in general, logarithmic 
terms. However, these logarithmic terms disappear for |A| = 1, and thus for the supergravity 
case. 



B. Special cases 

To address the validity of the perturbative results, we now specialize to the D = b 
supergravity value of the Chern-Simons coupling constant, A = 1, since here the exact 
solutions are available for comparison. Afterwards we consider pure Einstein-Maxwell theory, 
where A = 0. 



1. Supergravity: A = 1 

For A = 1 the exact solutions are known analytically for general values of the angular 
momenta [lo| . For equal angular momenta the non-extremal solutions are given by 



2m Aq 
9u = -^ + ^-^, 



, 2m 2(2q^ + 2V3qa^ + Sa^m) 
^ = 1-7^ + 



V 



2a2(2V3g + 3m) 4gV 



3^2 3j,4 ' 



2a{V3q + 3m) Aq'^a 



3r2 3r4 ' 

— ^ , 

a^ = -— . (32) 

The extremal solutions which are continuously connected to the Myers-Perry solutions in 
the limit of vanishing electric charge {q = 0) are characterized by 



2(V3g + 3 



2^ 



m = , (33) 
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with ^/3q + 3a2 > 0. 

It is easy to see that Eq. f l32l) . when restricted to the extremal case by Eq. fl33l) . give rise 
to expansions which precisely coincide with the perturbative expansions Eq. (13T]) for A = 1. 
One has just to redefine the rotation parameter a by 

a{V3q + 2a^) = , (34) 

and use the series expansion of a in terms of q and u to the appropriate order 

6z/^ 216z/5^ 432z/7^ ^ ; \ ) 

The global properties of the exact non-extremal supergravity solutions are given by 

37rm 



M 



4 



7ra(A/3g + 3m) ^ 

J = 7. , Q = T^q , 

o 

/Umag = vrga , 
9m 

v^g + 3m 

The corresponding extremal expressions are then obtained by substituting Eq. (!33|) and 
Eq. (EH) in Eq. ([36]). 

In particular, the gyromagnetic ratio of these supergravity black holes can be expressed 
in terms of the charge to mass ratio Q/M 

for non-extremal and extremal black holes alike. Thus the gf-factor depends only on the 
charge to mass ratio Q/M. For the whole set of equal-magnitude angular momenta black 
holes (whether extremal or non-extremal) the gf-factor therefore reduces to a single line. 

Clearly, this (^-factor is a monotonic function of the charge to mass ratio Q/M. When 
Q/M varies in the allowed range — 2/v^ < Q/M < 2/v^, bounded by the extremal Tangher- 
lini values, the gyromagnetic ratio varies in the range 6 > (7 > 2. Note, that for opposite 
angular momenta, the gyromagnetic ratio varies in the opposite way, i.e., 2 < g < Q. The 
exact gyromagnetic ratio for black holes with equal angular momenta is exhibited in Fig. [21 

To obtain an estimate of the range of validity of the perturbative results presented above, 
we express the 3rd order perturbative (7-factor Eq. (1291) in terms of the charge to mass ratio 
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FIG. 2: The gyromagnetic ratio g versus the charge to mass ratio Q/M for D = 5 Einstein- 
Maxwell-Chern-Simons black holes for Chern-Simons coupling constant A = 1. Exact values are 
shown by the solid line and 3rd order perturbative values by the dotted line. 



Q/M for A 
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3^3 g _9_ fQ_y_ 9^3 fQ_ 



4 M ^ 16 Vm; 64 



+ ... , 



(38) 



and exhibit this perturbative result for the (^-factor also in Fig. [2l Comparison shows that 
the 3rd order perturbation theory results are excellent for a large range of values. Only 
towards the ends of the interval deviations arise. 

It is amusing to note, that lowest order perturbation theory in the angular momenta, as 
performed by Aliev and Ciftci {2^, even yields the exact result for the whole range of Q/M. 
The reason is that, as seen above, for equal-magnitude angular momenta the value of g 
depends only on the charge to mass ratio and not on the angular momentum. In this sense, 
the gyromagnetic ratio for the case of D = 5 supergravity is very special for black holes with 
equal-magnitude angular momenta. For general Chern-Simons coupling, however, this is no 
longer the case. Here the values of g do depend on the charge to mass ratio as well as on 
the angular momentum. 
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2. Pure Einstein- Maxwell black holes 



When we set the Chern-Simons couphng constant to zero, we obtain the perturbative 
results for Einstein-Maxwell black holes 

^2 _ 



9tt 
W 
V -- 
B -- 
at -- 



4z/2 

-1 + 

r 

4z/2 



2 + 3^2^4 



: 1 - 



+ 



4z/4 



q' + 0{q') 



2(r2 + 2z/2 



-q' + 0{q' 



7? + 



2^4 _|_ 



+ 



2^2 



- 4i/^ r 
- + 



In 1 



2z/2 



4z/4 



laz/ 



In 1 



2z/2 



(39) 



which coincides to this order with the results of IGj. 
The global physical quantities are given by 



TT 



M = -TTu' + —q' + 0{q 



J = Tiu^ (for any order) , Q = irq , 



TT 



/imag = TTUq 



18z/3 



q^ + 0{q' 



Thus the gyromagnetic ratio g is obtained as 

1 



g = 3 + 



q' + 0{q' 



(40) 



(41) 



which clearly differs from the lowest order value g^^^ = 3. Expressing the (^-factor in terms 
of the charge to mass ratio Q/M, we obtain to this order 



3 16 VM 



+ ... . 



With the event horizon located at r = r^^, where 



rH 



the horizon properties are given by 



(42) 



(43) 



1 



q' + 0{q') , 



2p 24z/5 
Ah = Svr^z/^ + O(g^) , 



(44) 
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and the surface gravity Kgg vanishes for these extremal solutions. 

IV. CHARGED BLACK HOLES IN ODD DIMENSIONS 

In higher dimensions, the expansions become increasingly intricate. In the Einstein- 
Maxwell case and for odd Einstein-Maxwell-Chern-Simons solutions, we can take advan- 
tage of the charge conjugation symmetry, which reduces the expansions considerably, since 
charge conjugation symmetry allows only for even resp. odd powers in the perturbative pa- 
rameter for the metric resp. the gauge potential. Still the presence of the Chern-Simons 
term represents a substantial complication for the perturbative expansion. Moreover, we 
can take advantage of the fact, that the Chern-Simons term is of order + 1 in the charge, 
and thus contributes only with order or higher to the perturbative expansion. 

To obtain the perturbative solutions in D dimensions, we proceed as in 5 dimensions. We 
fix the angular momentum for any perturbative order, and impose the extremality condition 
for all orders. With this choice and by employing a regularity condition at the horizon, we 
fix all integration constants. The Smarr formula Eq. (1211) is then employed as a consistency 
check of the solutions. 

A. 7 dimensions 

In 7 dimensions, the Chern-Simons term is even with respect to charge conjugation. Thus 
as for the Einstein-Maxwell case the expansion of the metric functions contains only even 
powers in the perturbative parameter, while the gauge functions contain only odd powers. 
In the equations of motion, the Chern-Simons term modifies the Maxwell equations starting 
with power and the Einstein equations starting with power q^. Thus to 3rd order, only the 
gauge potential is modified as compared to the pure Einstein-Maxwell case. Since because 
of charge conjugation symmetry no 4th order terms appear in the gauge functions, the 
expansion for the gauge functions holds up to 4th order. 

Introducing the parameter v for the extremal Myers-Perry solutions by 

M = J = (45) 
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the perturbations up to 3rd order then read 



gtt = -1 + 



32 



4^4 

4 7-4 4 j^b 



5r8 135rV4 



32 



+ 0{q') 
16 



+ 



8 4i/2 



+ 



V 
B 



- q 



16 

5j.8 45zy2j.4 



4^4 

27^^' 8z/ 2 , 4^ 



+ 0{q') 



q 



at = — + 



16 



r4 164025rVi3 



(2r^ + 3z/^) <^ 2r^(2r^ - 3u'){u - 20A) 



80 In 1 



3z^ 
2r2 



+ In 1 + — 



+ 9z/'^(52r^ - 36rV^ - 27i/^) ^ g' 



64A 



-(104r^ + 84rV2 



-162rV^ - 81rV'' - 54z/^)g^ + 0{q^ 
—uq 16 



^4 



+ ln 1 + 



492075 
3z/2 



z/ - 20A) <^ 2r^(8r*' - 27z/^ 



80 In 1 



3645ri0i^ 
3z/2 



2r2 



+ 9z/^(208r^ + 168rV^ - 486rV^ - 243z/^) ^ g 



128(3z/ - 160A) 3 ^, 5, 



(46) 



18225r4z/8 

As in 5 dimensions, the expansion is not purely polynomial in 1/r, but log-terms appear in 
the expansion, starting in 3rd order in the gauge potential and 4th order in the metric 16 |. 
The global physical quantities are given to this order by 



27 



J = — vr^z/^ (for any order) , Q = n^q 



32 

/imag = TT-Z/g 



2 1287r2(3z/ + 40A) 3 ^, 



18225z/« 



(47) 



yielding for the gyromagnetic ratio g 

g = 5 + 



256(z/-20A) 2 4^ 
3645Z/-' 



(48) 



which again differs from the lowest order value g^^^ = 5. Expressing the ^f-factor in terms of 
the charge to mass ratio Q/M, we obtain to this order 

2 



^ = 1 + ^11 

5 16 



H^^U^i +.... 



(49) 
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Interestingly, the correction term quadratic in the charge to mass ratio Q/M for pure EM 
black holes (i.e., when A = 0) is the same as in D = 5 dimensions. 
The event horizon is located at r = rn, where 



with horizon properties 



3z/ 10935z/9^ ' 



2772' 



3„5 



4\ 



^H = ^^^ + 0(g 

4 1024(3z/ + lOOA) 3 ^, 

$H = jgH ^ ro — -T + Oiq^), (51) 

27i/4^ 4920751/13 ; , v ; 

and the surface gravity Kgg vanishes for these extremal solutions. 
B. D dimensions 

In D dimensions, the Chern-Simons term is even with respect to charge conjugation 
when is odd {D = 7, 11, . . .). When is even {D = 9, 13, . . .) only the discrete symmetry 
Eq. ([7]) holds. However, in the equations of motion, the Chern-Simons term only modifies 
the Maxwell equations starting with power and the Einstein equations starting with 
power g^+i. Thus to 3rd order, the same formulae hold as in the pure Einstein-Maxwell 
case, when > 3. 

For the general case of D dimensions we now give the expressions for the Einstein- 
Maxwell case, which hold for the metric in 3rd order and for the gauge potential in 4th 
order. These expressions then hold to the same order for general Chern-Simons coupling in 
D > 9 dimensions, while in 9 dimensions the expansion for the gauge potential holds only 
up to 3rd order and not to 4th order. 

To obtain the perturbative expansion we introduce the parameter u for the extremal 
Myers-Perry solutions in D dimensions by 

To fix all the constants, we again need to make use of the regularity condition of the horizon, 
and employ the Smarr relation as a consistency check. The perturbative expansion for the 
metric and the gauge functions is exhibited in Appendix A. 
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Comparing the perturbative expansion to the asymptotic behavior of the solutions, 
Eqs. (IAmA6|) . we obtain the global properties of the black holes 



M 



A{S 



D~2\ 



2^2(D-3)p_2)p_ i; 



D-l 



16q\D - 3) 



D-2 



^ _ A{S^-'){D - 3) ^ 



D 



J 



\D-1 



D~l 
I 2 



16nGDiD-3y 



A{S''-^){D-3) 



qv 



4q%D - 3) 



D-2 



In particular, the gyromagnetic ratio g is given by 

P_ 3)15-1 



D-2 



+ Oiq') 



(53) 



(54) 



(55) 



(56) 



g = D-2 + 4q' 



+ Oiq' 



(57) 



(D-2)(Z}- l)^-V2(^-3) 

n 

Thus the previous observation [IG^ in Einstein-Maxwell theory generalizes to arbitrary 
(higher) odd dimensions: higher order perturbation theory modifies the gyromagnetic ratio 
from its lowest order value g^^^ = D—2. Consequently, the gyromagnetic ratio is not constant 
as in 4 dimensions, but for equal-magnitude angular momenta the (^-factor increases with 
increasing (small) Q/M in any odd dimension D > 5. 

Expressing the ^f-factor of Einstein-Maxwell black holes again in terms of the charge to 
mass ratio Q/M, we obtain to this order 



9 



D-2 

Thus we realize, that the first correction term to g/{D — 2), i.e., the first correction term 
to the gyromagnetic ratio normalized by its lowest order value, is universal for extremal 
Einstein-Maxwell black holes with equal-magnitude angular momenta. It does not depend 
on the dimension. 

This is demonstrated explicitly in Fig. |3l where the scaled gyromagnetic ratio g/{D — 2) 
is shown versus the charge to mass ratio Q/M for D = 5, 7 and 9 dimensions. The range 
of validity of this 3rd order perturbative result covers roughly half the domain of Q/M, as 
comparison with numerical results demonstrates. Close to the largest possible values of the 
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FIG. 3: The scaled gyromagnetic ratio g/{D — 2) versus the charge to mass ratio Q/M in D = 5 
(sohd hne), D = 7 (dashed Hne), and D = 9 (dotted hne) dimensions: exact numerical results 
versus the 3rd order perturbative (dot-dashed) results in Einstein-Maxwell theory. 

charge to mass ratio, i.e., close to the extremal Tangherlini solution, however, perturbation 
theory in the angular momentum would be favourable, yielding the limiting value g/{D—2) = 



1 



12 



13|- 



The event horizon of these black holes is located at 



D-1 



A{D - 3) 



D- 



:q^ + 0{q' 



D-3 (D-2)(Z}-l)^-iz/2^-7 
The horizon angular velocities Q and the horizon area are given by 

D-3 8g2(D- 3)^-1 



n 



u{D-l) z/2^-5(Z}-2)(D- i; 



D 



+ 0(g^ 



A 



H 



V^A(^^-2)(D-1 



(-P-1) 

2 U 



D-2 



2(D-3)^ 



+ Oiq' 



(59) 



(60) 



and the surface gravity vanishes for these extremal solutions. 



V. SUMMARY AND CONCLUSION 



Focussing on odd dimensions, where the Einstein-Maxwell action can be supplemented 
with a Chern-Simons term, we have obtained a set of extremal charged rotating black holes 
with equal- magnitude angular momenta, that are asymptotically fiat, and whose horizon 
has spherical topology. 
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Our strategy for obtaining these solutions was based on the perturbative method, where 
we solved the equations of motion up to the 3rd order in the perturbative parameter, which 
we chose proportional to the charge. In particular, we started from the rotating black hole 
solutions in higher dimensions 3|. We then considered the effect of adding a small amount of 
charge to the solutions, and evaluated how the perturbative parameter modified the physical 
properties of the solutions. 

In 5 dimensions, we have derived in this way the metric, the gauge potential, and the 
physical properties of charged extremal rotating black holes for arbitrary values of the Chern- 
Simons coupling constant A. For the supergravity value of A our 3rd order results were found 
to agree with the analytically known solution up to this order, showing the consistency of 
the perturbative approach. 

Likewise, in higher odd dimensions, we have obtained the general 3rd order perturbative 
solutions for arbitrary values of the Chern-Simons coupling constant and investigated their 
physical properties. In the case of charge conjugation symmetry the expansion in the charge 
simplifies, since only even resp. odd terms can enter the expansion of the metric resp. gauge 
potential. Consequently, the expressions for the gauge potential hold to 4th order. 

For the gf-factor of the extremal Einstein-Maxwell-Chern-Simons black holes we obtained 
the following expansions in terms of the charge to mass ratio Q/M 

^-5: l^l-ff + ^(l + 24P)r^V + 0ffSVh (61) 

^ = 7: 1 = 1 + 1^(1-20^) (,^) 1 ' (62) 

D>1: -J— = l + ^(^\\o\[^] \ . (63) 
D-2 16 \M ' \ \ ) \ y i 

Restricting to Einstein-Maxwell black holes then yields the result that in 3rd order per- 
turbation theory the ^f-factor deviates from the 1st order result g'^^^ = D — 2 0, [3]. Indeed, 
the 3rd order result shows that the (^-factor of extremal black holes with equal-magnitude 
angular momenta increases with increasing charge in any odd dimension. Moreover, when 
expressing the ^f-factor in terms of the charge to mass ratio Q/M, we obtain to this order 

' l + 4fSV + .... (64) 




D-2 16 V M 
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Thus the correction term to g/{D — 2) is universal for these black holes. It does not depend 
on the dimension. 

Comparison with available analytical and numerical results demonstrated that the range 
of validity of these 3rd order perturbative results covers a considerable portion of the allowed 
range oiQ/M values, whose boundaries are determined by the extremal Tangherlini solution. 
In the vicinity of the extremal Tangherlini solution, however, perturbation theory in the 



angular momenta should be favourab 
approach in the angular momenta 12 



e. An extension to higher order of this perturbative 



13| might well supplement the present higher order 



perturbative approach, and yield a good approximation for the larger values of the charge 
to mass ratio. 

Here we have only considered extremal charged rotating black holes in higher dimensions. 
The generalization of the present work to the non-extremal case is currently under investi- 
gation and will be addressed elsewhere. However, some results in the pure Einstein- Maxwell 
case 5 dimensions have already been given in 



The Myers-Perry black holes can be generalized to allow for a cosmological constant 21 |. 
But rotating AdS Einstein-Maxwell black holes are not known it closed form. Charged 



rotating AdS Einstein-Maxwell black holes have been considered numerically 
as in lowest order perturbation theory 



24 



22 



23| as well 



25| also in the presence of a GauB-Bonnet term 



26|. Generalization of these calculations to higher order perturbation theory will be an 



important next step. 



Appendix A 



Here we give the perturbative expressions for the metric and the gauge potential in 
Einstein-Maxwell theory for general odd D. The solutions up to 3rd order read 
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where in the above equations Ii , I2, Si, S2 and 5*3 are 
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